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The response of a sinusoidally perturbed minimal chemical oscillator was simulated over a wide range of perturbation
parameters. Under a weakly perturbed condition, the system exhibited entrainment, quasiperiodicity and a Farey tree;
under a more strongly perturbed condition, two types of chaos, small-amplitude oscillations and the coexistence of two
oscillation modes were found. Phase-shifting of a kicked oscillator was considered in order to understand the entrainment.

Many chemical systems go back to thermodynamical equi-
librium or steady states with exponential attenuation or
damping oscillations when they are transiently perturbed.
They also exhibit phase-shifting oscillations when they are
perturbed periodically."? Relaxation phenomena, such as
chemical relaxation in reaction systems and magnetic re-
laxation in spin systems, have been studied in regions near
to thermodynamical equilibrium or steady points, where a
linear response can be applied.* On the other hand, nonlin-
ear reaction systems far from chemical equilibrium exhibit
a variety of exotic behaviors (autonomous oscillations, mul-
tistability, etc.) based on their nonlinear properties.* The
reaction systems existing in bistable states or in stable steady
ones (foci) near to subcritical Hopf bifurcation points exhibit
excitation against transient perturbations.>® When periodic
perturbations are added to autonomously oscillating nonlin-

_ear reaction systems, they respond to them in an interesting
manner involving entrainment, quasiperiodicity and chaos,
which are fundamental concepts concerning phenomena gen-
erated from interactions among nonlinear systems.”® These
concepts are also important in biological science.® Studies on
forced chemical oscillators have been undertaken both exper-
imentally and theoretically. A Brusselator has been used in
numerical studies.'*!! Homogeneous reaction systems, such
as the Belousov—Zhabotinski (BZ) reaction'?>!* and a minimal
oscillator,'*" electrochemical oscillators,'® polymer gels,'’
and nervous systems'®* have been experimentally investi-
gated. However, studies involving a minimal oscillator have
been fragmentary. Computer simulations may be a good
method to easily obtain a total image, compared with ex-
periments. The behavior of a limit cycle stimulated by an
external perturbation is presumably complicated. Thus, the
author simulated the behavior of a forced minimal oscillator
while attempting to sketch a global profile on the response of
the oscillator to an external perturbation, and reports the re-
sult here. The Field-Ko6ros—Noyes (FKN) mechanism used
in this study is a realistic reaction mechanism, and the re-
duction of bromate by cerium(Ill) constitutes a part of the

BZ reaction.?! Taylor and Geisler undertook a similar inves-
tigation of a miriimal oscillator.' Their report motivated the
author to begin this study. However, our simulation was
more detailed, and our results different from their’s concern-
ing some parts.

Calculations

The FKN mechanism described below reproduces the be-
havior of the bromate—bromide—cerium(IIl) reaction system

in a continuous-flow stirred tank reactor (CSTR):?>—2*
Br~ +HBrO+H' = Br, + H,0 (€8]
Br~ +HBrO, + H" — 2HBrO 2)
Br~ +BrO;~ +2H" = HBrO + HBrO; 3)
2HBrO, — HBrO +BrO; ™ +H" ()]
HBrO, +BrO; ™ +H" = 2Br0; - + H,O ()
Ce’* +BrO, - + H" = Ce** + HBrO, ()

In this calculation, we used the FKN mechanism and the
FF set of rate constants prepared by Field and Forsterling
(Table 1).% Because the reaction system was assumed to be
held in a CSTR, the ko(Co; — C;) terms were added to rate
equations derived from Reactions 1—6, where C; and Cy;
are the concentrations of species i in the solution and in
the feed flow, respectively, and kg is the reciprocal of the

Table 1. Rate Constants?

Reaction Forward Backward
1 8x10° M2s~} 1105~}
2 3x10° M 257! —
3 2M 37! 32Mts!
4 3000 M~ 's™! —
5 42 M %! 42x10' M~ 1s!
6 8x10* M25! 8900 M~ !s7!

a) 1M=1moldm3.



1466 Bull. Chem. Soc. Jpn., 72, No. 7 (1999)

residence time. The external parameters for the system in
a CSTR were [BrOs; Jo, [Br—lo, [Ce**]o, [H* 1o, ko, and the
temperature. The values of [Br0s 1o, [Br—]o, [Ce**]o, [H*To,
and the temperature were fixed, and kg was assumed to vary
sinusoidally,

ko =ko(1 + asin wyt), @)

where kg is the average of k. The values of ko and the other
external parameters used in this study are given in Table 2.
Seven-variable equations were employed, since the [H*]y
value was very large.

Calculations of the steady states were performed by
Newton’s method. The stability of the steady states was
analyzed by means of a linearized stability analysis. The tem-
poral evolution of the system was calculated by using Gear’s
method.?® The results, calculated up to 3% 10° s, were ordi-
narily discarded in order to remove any influence of the initial
values. The discarding time was 3x 10° s at its maximum un-

“der the condition that a critical slowing down occurred. The
calculated data were analyzed using a storoboscopic method
and Fourier spectra. The bifurcation diagrams and return
maps depicted in this study were prepared with numerical
data on the Poincaré section (cos wpt = 1).

Results and Discussion

The reaction system existed in either of three states (SSI
(a high concentration of Br~ and a low concentration of Ce-
(IV)), SSII (a low concentration of Br™ and a high concentra-
tion of Ce(IV)), and oscillations) under the conditions used
in this study. Figure 1 shows the oscillatory region on the
ko—[BrO3; ]y plane, where the solid curves and the dashed
one represent supercritical and subcritical Hopf bifurcations,
respectively. The response of the minimal oscillator to the
periodic perturbation given in Eq. 7 was simulated at points
A and B. When the a value was large, the instantaneous
steady point of the system migrated among the three states.
It moved through supercritical Hopf bifurcations at point B
and through both types of Hopf bifurcations at point A.

Simulation at Point A.  Figure 2 shows typical oscilla-
tion patterns of [Ce**], Poincaré sections (cos wpt = 1), return
maps, and Fourier spectra of the oscillations under weakly
perturbed conditions. In natural oscillations of the unper-
turbed system (a in Fig. 2), the period (7p) and the frequency
(ap) were 338 s and 0.0186 rads™!, respectively. If one
wave of the oscillations of the entrained reaction system co-
incides with n (n: integer) waves of the ky oscillations, we
say that the system is entrained in the 1/n harmonic mode.
We can easily confirm that the state of the reaction system

Table 2. Reaction Conditions for CSTR

Condition A Condition B
[H'To 0.75M
[Ce* o 3x107*M
[Br 1o 29%x107* M
[BrOs ™ Jo 0.1M 0.12M
ko 0.005 s~ ! 0.0064 s~!

Simulation of a Forced Minimal Oscillator

015
=
N
-
]
S 01
3,
0.05 . L :
0.005 0.007
ko /7
Fig. 1. Phase diagram of the minimal chemical oscillator in

the ko—[BrO; ™~ ]o parameter space.

[Hlo=0.75 M (I M=1 moldm™>), [Ce**]o=3%x10"*
M, and [Br™Jp =2.9% 10~* M. Solid curves: supercritical
Hopf bifurcation, dashed curve: subcritical Hopf bifurca-
tion, and A and B: the points calculated in this study.

made a round during one wave of [Ce**] oscillations when
wp/wo=1 (1/1 harmonic mode). Thus, we assume that the
relation between the rotation of the state of the system and
the oscillation pattern of [Ce*'] is conserved even in other
harmonic modes, and we define the winding number (w) as
follows, if the system is entrained in a 1/n harmonic mode
and the number of peaks per one wave of [Ce**] oscillations
is given by m (m: integer):?’

w=m/n. 8)

When the @, value was 0.05 rads~!, we found a 1/3 har-
monic mode and w = 1/3 (Fig. 2b), which were confirmed by
the Poincaré section, the return map, and the Fourier spec-
trum of the [Ce**] oscillations (Fig. 2b’, 2b”, and 2b", re-
spectively). Figure 2c shows a quasiperidic state, which was
characterized by the smooth Poincaré section, the smooth
return map, and the noncommensurate peaks in the Fourier
spectrum of the [Ce**] oscillations (Fig. 2¢’, 2¢”, and 2¢’").
We could thus recognize the “fundamental” harmonic mode,
I/n (w=1/n), under the condition that wy/@wy=n when
a =0.05. Figure 3 reveals another example that demon-
strates the availability of the assignment of the harmonic
modes. Figure 3a shows a bifurcation diagram between the
fundamental 1/1 and the fundamental 1/2 entrainment bands,
depending on the ), value. In the fundamental 1/2 entrain-
ment, a period-doubling bifurcation occurred in front of its
left side. Furthermore, “secondary” entrainment bands and
quasiperiodic states were mutually found to exist between



Y. Sasaki Bull. Chem. Soc. Jpn., 72, No.7 (1999) 1467

-85 4
ARAANARAARANAD
I
_QO{QJUUJJJUMUGGJU
In[Br7]
- L -15 -14
" E’\ T T T T T
X AN b b”
LF -8.87
— h./\ MNaafh! ,r' { i r i
e -
" RERVERAY VYUY . ]
=807 -8.97
= b R =
- e qg L L 1 § L ; l': s -
(7] . o
N Eﬁ’w‘a T cr 2 |°
K>3 ] —~ -8.8r1 1) \ -
AN AR AR ANAN AT i
HPUVUANY
-9.0 + L -89
c < -
0 2500 5000 -15 -13 -89  -88 f /s-1
Time /s in{Br-] in[Ce4+],
Fig. 2. Typical oscillation patterns of [Ce**], Poincaré sections (cos @pt = 1), return maps, and Fourier spectra of the [Ce*']
oscillations.

The CSTR condition: A. @ =0.05. a: natural oscillations (cwp = 0.0186 rads™'). b (oscillation pattern), b’ (Poincaré section),
b” (return map), and b"”’ (Fourier spectrum): @, =0.05 rads™" (1/3 (1/3) harmonic mode). c, ¢/, ¢”, and ¢"”: @), =0.069 rads™!
(quasiperiodic mode). The fractions in the parentheses represent the assignment of the oscillatory mode entrained.

Rl T T T T b,
P ] -875]
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Time / s In [Ce"*]n

Fig. 3. Typical bifurcation diagram and assignment of oscillatory modes entrained.
The CSTR condition: A. «a =0.05. a: bifurcation diagram between fundamental 1/1 and fundamental 1/2 entrainment bands
depending on the magnitude of w,. b (oscillation pattern of [Ce**]) and b’ (return map): w, =0.02565, and 1/9 (8/9) harmonic
mode. ¢ and ¢: @, =0.0445, and 1/9 (4/9) harmonic mode. d and d': wp =0.0868, and 1/9 (2/9) harmonic mode. e and ¢’
@, =0.1684, and 1/9 (1/9) harmonic mode. f: a supposed attractor of the 1/9 (8/9) harmonic mode in two components-time space.
The unit of @, is rads™".
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the fundamental entrainment bands, where the secondary
harmonic modes were assigned to 1/n ((n—1)/n) according
to Eq. 8. For example, the harmonic mode under the con-
dition that @, = 0.02565 rad s~ was assigned to 1/9 (8/9)
(Fig. 3b). Other 1/9 harmonic modes, which appeared under
the condition that a = 0.05, were also assigned as follows:
w=4/9 when @, =0.0445 rads~! (Fig. 3c), w = 2/9 when
wp =0.0868 rad s~! (Fig. 3d), and w = 1/9 when w,=0.1684
rads~! (Fig. 3e). We also used another assignment based on

Simulation of a Forced Minimal Oscillator

return maps, in which points above and below the diagonal
were allocated to symbols L and R, respectively. For exam-
ple, the harmonic modes in Fig. 3b’ and 3¢’ were written as
LRRRRRRRR and LLRLRLRLR, respectively. The char-
acteristics of Fig. 3¢/, 3d’, and 3¢’ (number of the points and
rotation number) correspond to the winding numbers 4/9,
2/9, and 1/9, respectively. However, Fig. 3b’ is different in
nature from the winding number, 8/9. We depict a supposed
attractor of 1/9 (8/9) harmonic mode in two-component time-
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Fig. 4. Entrainment bands (I).

The CSTR condition: A. a: coexisting region of 1/1 and 1/2 harmonic modes, b: coexisting region of 1/2 and 1/3 harmonic modes,
c: coexisting region of 1/1 and 1/3 harmonic modes, d: coexisting region of 1/1 and 1/4 harmonic modes, and e: coexisting region
of 1/4 harmonic and quasiperiodic modes. The numbers in the parentheses represent winding numbers.
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space in Fig. 3f (time interval: wpt = (27)x9), which gives
visual images of the concepts, winding number, torus, and
quasiperiodicity. Namely, the quasiperiodic mode in Fig. 3a
corresponds to such oscillations whose attractor covers all
over the surface of a torus. We can also suppose similar at-
tractors for the other 1/9 harmonic modes. The methods used
for the assignment were also used to classify all of harmonic
modes observed in this study and in another one concerning
chaos.”® The assignment based on return maps was partic-
ularly effective in distinguishing two coexisting harmonic
modes, as described in Ref. 28. The winding numbers ob-
tained in this study constituted a Farey series, which suggests
that the numbers are similar to the winding numbers used in
a sine-circle map.?

The entrainment bands in the w,~« plane are shown in
Fig. 4. The numbers in the parentheses represent winding
numbers defined by Eq. 8. In the fundamental 1/1 and 1/2 en-
trainments, period-doubling bifurcations occurred in front of
their left-hand sides. The width of the fundamental entrain-
ment bands increased along with an increase in the o value
in Eq. 7 (so-called Arnol’d tongues). Especially the 1/1 har-
monic mode grew, and finally took down the 1/2 and 1/3 har-
monic modes. Then, some new phenomena, such as chaos,
small-amplitude oscillations and the coexistence of two oscil-
lation modes, occurred. Figure 5 shows bifurcation diagrams
between the fundamental 1/2 and fundamental 1/4 entrain-
ment bands under the condition that & = 0.15. As the w,
value increased, the reaction system existing in the 1/2 har-
monic mode changed to exhibit successive period-doubling
bifurcations, and reached a chaotic mode (Feingenbaum ra-
tio: 4.7). With a further increase in the w, value, the system
changed from the chaotic mode to the 1/3 harmonic mode
via an intermittency route.’*® Between the 1/3 and 1/4 en-
trainment bands, quasiperiodic states and period-doubling
bifurcations (and perhaps chaotic states) were observed, and
the bifurcation structure in this region was very complicated.
Figure 6 shows a typical chaotic behavior (o =0.15 and
@, =0.058 rad s™!). A band constituted by Fourier compo-
nents was observed in the Fourier spectrum (Fig. 6b) of the
[Ce**] oscillations (Fig. 6a), suggesting chaotic oscillations
of this system. The Fourier component observed at about
0.0092 s~! and its higher harmonics indicate that the system
is driven by a periodic perturbation having a frequency of
0.058 rad s~—!. The Poincaré section (cos wpt = 1) in Fig. 6¢
was not ring-shaped. The shape suggests that the torus would
collapse under this condition, and that the system exists in a
chaotic mode. On the other hand, a Farey tree appeared be-
tween the fundamental 1/5 and 1/7 entrainment bands under
the condition that o =0.15; we can probably also observe
it between other entrainment bands. When the « value in-
creased by more than 0.15, small-amplitude oscillations and
the coexistence of two oscillation modes appeared. Fig-
ures 7a and 7b show the coexistence of the 1/3 and 1/2
harmonic modes, where the state of the reaction system was
dependent on the initial values (¢ =0.225 and @, = 0.0705
rads~1).% The oscillations of [Ce**] in Fig. 7b are typical
small-amplitude oscillations. The attractors of these har-
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Fig. 5. Bifurcation diagrams depending on the magnitude of
wp. a=0.15. a: between fundamental 1/2 and fundamental
1/3 entrainment bands, and b: between fundamental 1/3 and
fundamental 1/4 entrainment bands.

monic oscillations are shown in the ([Ce**], [Br~], [BrO,-1)
subspace (1/3 modes: single loop (with a kink or a knot)
(Fig. 7a’) and 1/2 harmonic mode: double loops (Fig. 7b)).
The attractor of the 1/2 harmonic mode was assigned to 1/2
(w=2/2), suggesting that the harmonic mode was generated
by a period-doubling bifurcation of a 1/1 harmonic mode
(of small amplitude (Fig. 4)). The return maps of the BrO,-
species is shown in Figs. 72" and 7b”. The characteristics of
these figures were a relatively large range of the 1/3 harmonic
mode and a relatively small range of the 1/2 harmonic mode.
The characteristics in return maps was successively observed
in the coexistence of a 1/3 harmonic mode and a chaotic mode
(a: ca. 0.18).” Figure 8 shows the coexistence of a 1/4 har-
monic mode and a quasiperiodic mode. The quasiperiodicity
appearing in Fig. 8a was supported by the Poincaré section
and the return map (Figs. 8c and 8d, respectively). In this
case, the quasiperiodic attractor exhibited small amplitudes.
The quasiperiodicity seems to be different in nature from the
quasiperiodicity estimated under the condition that & =0.05,
because a torus is not defined in the case of two coexisting
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Fig. 6. Chaotic mode (I). @ =0.15 and @, = 0.058 rad ™. a: oscillation pattern of [Ce**], b: Fourier spectrum, c: Poincaré section
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harmonic modes.

Figure 9 shows the dependency of the amplitude of the
[Ce**] oscillations on the magnitudes of the perturbation
parameters, o and @,, where A represents the amplitude
of the natural oscillations. In weakly perturbed cases (a:
0.02 and 0.05), there were maxima in all entrained harmonic
modes, whose positions were approximately equal to the cor-
responding @,/wy values. The amplitudes did not increase
remarkably at the maxima. The change in the A/Ap value

was indeed large (from 1.67 to 0.85) under the condition that
a =0.3. The characteristics of the 1/1 harmonic modes in
largely perturbed cases (a: 0.15 and 0.3) were different from
those of the others, as shown in this figure.

Simulation at Point B. The entrainment bands calcu-
lated at the point are shown in Fig. 10, where the numbers
are defined in the same manner as in Fig. 4. The winding
numbers constituted the Farey series in weakly perturbed
cases. There were no period-doubling bifurcations in front
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oscillations (a), respectively.

of the left-hand sides of the fundamental 1/1 and 1/2 en-  appeared between the fundamental 1/1 and 1/2 entrainment
trainment bands. Arnol’d tongues were also observed. The  regions in the case that & = 0.04, and were in contact with no
system possessed two chaotic regions at this point. One  qusiperiodic region.’® Speaking of the latter chaos, the reac-
chaotic region appeared between the fundamental 1/2 and  tion system at first changed from the 1/1 (w = 1/1) harmonic
1/3 entrainment regions, and was in contact with a quasiperi-  state to a 1/3 (3/3) harmonic state, and fell into a chaotic mode
odic region (@: 0.095 and 0.12).*° This chaotic behavior  via successive period-doubling bifurcations as the @, value
was similar to that at point A. The other chaotic regions  increased (Fig. 11a). The system then changed from the
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Fig. 10. Entrainment bands (II). The CSTR condition: B. The numbers in the parentheses represent winding numbers.
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chaotic mode to a 1/3 (2/3) harmonic mode via reversed pe-
riod-doubling bifurcations. A 1/1 harmonic entrainment was
found at about 0.0346 of the @, value in the 1/3 entrainment
region (Fig. 11a). This region was a coexisting region of the
1/1 and 1/3 harmonic modes. There was another chaotic re-
gion between the 1/3 (2/3) and 1/2 (1/2) entrainment regions.
A typical chaotic behavior is also shown in Fig. 11 (a: 0.04
and w,: 0.0353 rad s~!). The Fourier spectrum of the [Ce**]
oscillations (Fig. 11c), the Poincaré section (Fig. 11d), and
the return map (Fig. 11e) supported the chaotic mode.

The concepts, entrainment, Farey series, quasiperiodic
oscillations, and chaos, have been produced in studies of
many mathematical models. In some experimental stud-
ies, entrainment, Farey series, and quasiperiodicity were
recognized.'?*¢—20 We sketched a global profile of the
forced minimal oscillator in this study as well as two types
of chaos, and the coexistence of two oscillation modes were
newly simulated. The existence of small-amplitude oscilla-
tions was estimated by Taylor and Geiseler and confirmed
experimentally.'* It was estimated here again. However, the
simulation of chaos was quite different from their’s. Chaos
was observed in forced nervous systems.’”*° However, there
has been no report concerning homogeneous forced-chemi-
cal systems.’! The wave patterns of [Ce**] oscillations in this
study (particularly the presence of notches in Figs. 7a and 8b)

in [Ce%Y]

tog |G(f)]

f /s
Chaotic mode (1) & = 0.04 and w, =0.0353 rads™ . a: bifurcation diagram between fundamental 1/1 and fundamental 1/2
entrainment bands, depending on the magnitude of wp. b, ¢, d, and e: oscillation pattern of [Ce‘”], its Fourier spectrum, Poincaré
section (cos wpt = 1), and return map, respectively.

Fig. 11.
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were similar to those observed in the forced minimal oscil-
lator experimentally.”® We often encountered slowing-down
effects when an oscillatory mode changed (for example in an
entrainment edge or in regions of successive period-doubling
bifurcations). When a slowing down occurred, many tran-
sient times (3x 10° s at maximum) were needed (usually less
than 3x 10% s). Buchholz et al. observed a slow change at the
entrainment edges in a forced BZ reaction (slow change in
the Fourier spectrum with time).'> While the critical slowing
down in this study is similar to the slow change in the ex-
periment, we do not know at present whether both slowing-
down activities are the same or not. The difference in the
entrainment bands of points A and B was not obvious in this
study.

There are still some doubts concerning this study: Why
does entrainment (chaos and small-amplitude oscillations,
etc.) occur? We cannot resolve the problems, because the
differential equations derived from the FKN mechanism are
too complicated to be mapped. If we allow the presence of
chaos (namely an interval map), we can compare the results
(the existence of small-amplitude oscillations and the coex-
istence of two harmonic modes) with the behaviors of one-
dimensional dynamical systems.?® Here, we wish to focus on
entrainment in a weakly perturbed case and discuss a kicked
oscillator reported by Ding, which seemed to be a prototype
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of forced oscillators.* The concept “phase-shifting” obtained
during this study is the same as “phase-resetting” mentioned
by Hoppensteadt and Keener.*?

We define a stable limit cycle as

dr/dt=sr(1 —r%), d0/dr=1. ©)

Itis assumed that the oscillator is subjected to a periodic force
(period: T},)in the x direction. The representative point takes
off the limit cycle (r = 1) for perturbations and relaxes to the
limit cycle. The parameter s is a measure of the inverse of the
relaxation time. The behavior of this system is represented
by the following differential equations:

dx/dt = sx(1 — x* — y*) — y+2x28(t — 2mnf3),
dy/dt = x+sy(1 — x* — y°), (10)

where
/3=Tp/2n (= 1/a)p). (1)

The summation is over all integers (n). We now assume that
the system rapidly relaxes to the limit cycle after a kick (s
— 00). As shown in Fig. 12a, r,, and 6, after the nth “kick”
change into 7,,* (= 1) and 6, (= 6,+2x ) before the (n+1)
th “kick”. Thus, r,.; and 6,.; are related to r, and &, as
follows:

Fre1 = {[22 +cos (6, + 2nﬁ)]2 +sin® (G, + Znﬁ)}l/z,
tan 6,1 = sin (6, +218)/[2% + cos (6, + 21 5)]. (12)

Equation 12 is a one-dimensional circle map with two pa-
rameters. % is a measure of the amplitude of the exter-
nal perturbation and £ the ratio of two frequencies. When
% > 1/2 (strongly perturbed case), the map does not possess
a quasiperiodic mode. Therefore, this discussion is restricted
to a weak perturbation (%<1/2). Figure 12b shows entrain-
ment bands of the kicked oscillator in the f—»x plane, which

a (l'n.en)
Tp

(rn.8n) %

2 (rn+1.8n41)

L
[} w02 wu w3 O4yr w2 06 23 3 O8s6lvs 10
v6 8 &7

Fig. 12.  Profile of kicked oscillator. a: the kicked oscil-
lator and phase-shift, b: entrainment bands of the kicked
oscillator stimulated by a weak perturbation.
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was obtained from bifurcation diagrams calculated by Eq. 12.
The Farey series and Arnol’d tongues were simulated in this
figure. We discuss the simplest 1/1 entrainment and formu-
late curve c in Fig. 12b. When the system is kicked at the
point (r,*, 6,*), the phase of the system increases by
in the case that 6,* > m. Because we assume rapid relax-
ation, a kick having a period of 2m—1 corresponds to the 1/1
entrainment. 1 is written as

cosy =(1+2x%cos 8,")/V/1+4x? +4xcos 6,*.  (13)

When cos 6,* = —2, the maximum of 1Y is obtained,
COS Ymax = V' 1 — 422, (14)

Therefore, curve c is represented as
Bin =1—(1/2m)arccos v/ 1 — 422 15)

Equation 15 reproduces curve c in Fig. 12b well. If 6,* <,
we can obtain curve c’. Thus, the 1/1 entrainment of a kicked
oscillator was interpreted by the phase-shifting term. While
the formulation of other entrainments was difficult, the en-
trainments may be qualitatively interpreted using the same
term. Marek studied the behaviors of a forced BZ rection in
CSTR (with spikes of solutions of Br~ or Ce**), and reported
phase-shifting in the oscillations of In ([Ce*]/[Ce**]).* In a
forced minimal oscillator, even a qualitative interpretation
of entrainment is difficult. We wish that the discussion con-
cerning a kicked oscillator may be useful in understanding
the entrainment of a forced minimal oscillator.
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